Abstract-A mild parallel hybrid powertrain is considered in which an electric motor and an ultracapacitor-based energy source assist the combustion engine during periods of high power demand. The ultracapacitor may be recharged by the engine during periods of low demand, and through regenerative braking. A rule-based control strategy is defined, which determines the power split between the engine and motor. Standard city-cycle simulations on a full-order model of the powertrain illustrate an improvement in fuel economy enabled by the ultracapacitor-based mild hybrid configuration and this control strategy. The deterministic dynamic programming is also applied to the reduced-order model of the powertrain to assess fuel economy potential of the hybrid system under pointwise-in-time and terminal constraints on the state of charge and motor power limits.
I. INTRODUCTION
A vehicle that averages 30 miles per gallon in fuel consumption could have poor instantaneous fuel economy during rapid accelerations. A simple back-of-the-envelope kinetic energy calculation shows that accelerating a 2000 kg vehicle (roughly the size of a Ford Explorer SUV) from 0 to 60 mph (0 to 26.82 m/s) in 10 seconds requires almost 70 kW of power in addition to the power needed to overcome road and air drag forces. Almost the same amount of additional power (70 kW) is needed during a 1 second accelerator pedal tip-in which increases the velocity of the same vehicle from 45 to 48 mph. Situations such as these may consume a disproportionately high amount of fuel, and have a negative impact on the fuel economy of the vehicle. In conventional powertrains, the engine is typically sized larger than needed for steady-state operation, to meet these spikes in power demand.
These situations are believed to be well-suited to the performance characteristics of ultracapacitors, and that the assistance of an electric motor during these periods will allow for a reduction in engine fuel flow rate; further improvements in fuel economy may be possible by downsizing the engine. High power-density ultracapacitors integrated with vehicle powertrains (in a mild parallel hybrid configuration) can boost the power during vehicle acceleration, relax the engine transients and may therefore be an effective mechanism for reducing fuel consumption and emission levels While the maximum total energy stored is a mere 161kJ, this energy can be released in just a few seconds generating considerable power boost to a vehicle. The maximum power for this product is 4800W per unit mass or almost 65kW instantaneous maximum power. Newer products listed on Maxwell website [4] have even higher power densities.
without compromising vehicle agility [1] , [2] . Moreover, in many situations, regenerative braking alone may provide sufficient energy for this power boost [3] . The additional cost and weight of the ultracapacitor and electric motor may be justified by a downsized internal combustion engine and, since transients the engine is exposed to are reduced, even possibly a less costly catalytic converter.
Reliable operation of ultracapacitors [5] , their high power density and their effective life in the order of one million charge cycles [1] , [2] make them an attractive power assisting device. Maxwell Technologies [4], a main provider of ultracapacitors in North America, has been introducing new models over the last few years that have higher power densities and reduced cost (See Figure 1) . While full hybrid vehicles, which rely on batteries for power levelling, have reached mass production, the use of ultracapacitors in mild hybrids remains a technology to explore. Most of the existing research on ultracapacitor hybrids is geared towards transit buses where their frequent stop-and-go cycle match the operational characteristics of ultracapacitors [6] , [7] , [8] . Some researchers have proposed use of ultracapacitors as a supplementary storage device to batteries in hybrid vehicles to help extend the battery life [9] , [10] , [11] . In fuel-cell powered vehicles, ultracapacitors have been considered as an auxiliary power source which can assist the fuel cell during startup and fast power transients [12] , [13] , [14] , [15] . A concept BMW X3 which was unveiled in 2006, had an ultracapacitor-powered electric motor integrated between the combustion engine and the transmission, helping to boost the engine when accelerating [16] .
The objective of this paper is to assess the extent to which an ultracapacitor, as a stand-alone power assist device, can improve the fuel economy of a mid-size passenger vehicle without sacrificing the vehicle's ability to follow a given velocity profile. As discussed in [17] , this kind of assessment for advanced powertrain systems necessitates the synergistic treatment of both design and control issues. A parallel mild hybrid powertrain is considered in which an induction motor powered by an ultracapacitor module assists the combustion engine during acceleration power peaks. The ultracapacitor module is recharged back by the engine during normal cruise or through regenerative braking. A detailed 3-state model of the powertrain is developed to determine via simulation the impact of proposed configuration and the power management scheme on fuel economy and vehicle performance. A representative reduced-order single-state model of the powertrain is also created and is used for the determination of the optimal control of the ultracapacitor with the help of dynamic programming and also for devising a power management strategy. A rule-based power management strategy is developed and its performance is verified on the detailed model in simulation of UDDS city driving cycle.
II. THE HYBRID POWERTRAIN CONFIGURATION AND MODELS
The ultracapacitor hybrid concept was first evaluated using the PSAT (Powertrain Systems Analysis Toolkit) package [18] in order to ensure that the components, parameter values, and the model are realistic. PSAT, created by Argonne National Laboratory, allows the user to specify a desired powertrain configuration and select preexisting models of the various powertrain components from an extensive library of production vehicles. The software then assembles the components into a Simulink model, uses a standard control module for power management and simulates the performance over a selection of standard driving cycles.
An existing model of a 2-wheel drive full-size SUV powertrain with a 6 cylinder, 4 liter, 160kW engine was selected as the baseline (conventional) model. An induction motor powered by an ultracapacitor power source was integrated between the combustion engine and the torque converter of the conventional model, to create the ultracapacitor hybrid model. Different size motors were tested with a 93 volt ultracapacitor module with capacitance of 78F. The energy storage capacity of the chosen ultracapacitor module is 93.7 Wh and is consistent with [1] , which suggests that "in passenger car applications, for ultracapacitors to compete in terms of cost with batteries, the energy stored should be less than 100 Wh".
Next it was desired to create a simple control algorithm that could be easily tuned and used in fuel economy evaluation of the ultracapacitor-equipped hybrid powertrain. To this end, two new models were created which are based on the PSAT model but operate independently from the PSAT software: 1) a 3-state model was created for simulation of the powertrain; we refer to this as the fullorder model, and 2) a reduced single-state model which captures the ultracapacitor's state-of-charge dynamics was developed and is well-suited for the control design; we refer to this model as the reduced-order model.
A. The Full-Order Model
The full-order model is designed to simulate the performance of the powertrain under the demands of standard driving cycles. It contains the vehicle velocity, the torque converter input speed, and ultracapacitor state-of-charge as dynamic states. The full-order model is inspired by the PSAT model and is similar to it in structure; however, the signals are streamlined, some components are simplified and the constraints are managed at the component level.
The effective voltage provided by the ultracapacitor is:
where V oc is the open-circuit voltage of the ultracapacitor, i uc is the current drawn from the ultracapacitor, and R chg and R dis are the line resistances for charging and discharging, respectively. The capacitance C, along with R chg and R dis , are functions of temperature and current determined by maps. These and other maps were obtained using empirical data taken from PSAT [18] . The state-of-charge of the ultracapacitor is defined as:
where V max is the maximum open-circuit voltage of the ultracapacitor at full charge. The ultracapacitor charging or discharging current is given by:
where P mot is the motor power. The coefficient β, is:
where η charge and η discharge represent the efficiency of charging and discharging the ultracapacitor and include the efficiency of the motor and power electronic devices.
Combining (1)- (3), i uc can be calculated:
The full derivation for (6) and (5) can be found in [19] , in which it is shown that there are actually two physical solutions for i uc ; the solution that corresponds to minimum resistive losses is retained and can be enforced by the motor controller.
The ultracapacitor state-of-charge dynamics are governed by:
The engine fuel consumption rate is a function of the engine torque and the engine speed, and it is obtained from empirical engine maps available in PSAT database.
In the proposed configuration both engine and motor are connected together and to the torque converter. The speed of the engine and the motor are the same and equal to the torque converter input speed. The dynamics of the torque converter are characterized by:
T in,tc = T mot + T eng (8) where J is the rotational inertia upstream of the torque converter, and ω in,tc is the shaft speed upstream of the torque converter, equal to the engine and motor speeds. T loss,tc is mapped as a function of T in,tc , ω in,tc , and the slip ratio ω ratio , defined as:
where ω out,tc is the rotational velocity of the powertrain downstream of the torque converter. The torque supplied by the torque converter to the drivetrain is mapped from the slip ratio, and is characterized by:
where f 1 (·) represents a map which is available from PSAT database. The gearbox is modeled as a gear ratio and a loss term. The torque supplied by the gearbox to the downstream components is given by:
where T loss,gb is mapped as:
and the output speed is determined as:
In this work, we use the gear determined by the PSAT shifting strategy; in future work shifting can be treated as an extra degree of freedom to maximize the fuel economy improvement.
The wheel torque and speed are also influenced by the final drive ratio:
where the final drive ratio g f , and the loss term T loss, f d , are constants.
The vehicle longitudinal dynamics is:
where M and v are the mass and velocity of the vehicle, r w is the wheel radius, and F grade is the force due to weight and road grade:
where µ 1 and µ 2 are friction coefficients, and θ is the road grade. The aerodynamic drag force is F drag = Cv 2 , where C is a scaled drag coefficient [20] . Assuming no wheel slip, v = r w ω w . The friction brake force at the wheels is represented by F brake . The full-order model was tested for consistency against its parent PSAT model by replacing the controller portion of the model with forcing functions developed from PSAT simulation results. The powertrain in the full-order model was thus subjected to the same demands that had been seen by the PSAT powertrain model during various simulations, and its open-loop output was compared with the results of these simulations. Simulations were run for three different combinations of motor sizes: induction motors of 110kW, 70kW, and 40kW were combined with the 160kW engine. The results of this comparison are shown in Figure 2 . The relative error of the full-order model is less than 1.2 percent.
B. The Reduced-Order Model
Since the reduction in the number of states helps reduce the complexity of control design, a reduced-order model of the powertrain with only one state, ultracapacitor state-ofcharge, has been also created. The state-of-charge dynamics is the same as in the full-order model and represented by equations (6) and (5) . However, in the reduced-order model, it is assumed that the line resistance R and capacitance C are independent of internal temperature of the ultracapacitor and are constant. The temperature-dependent changes in the internal resistance of the ultracapacitor are important [21] and are considered in the full-order model.
The reduced-order model does not contain the entire powertrain. The transmission, torque convertor, and the driver model are external to the reduced-order model and are used to calculate the power demand and engine (and motor) shaft speed which are then fed as inputs to the reduced-order model.
In the reduced-order model, the engine fuel consumption rate and motor efficiencies are modeled algebraically, using the Willan's line method:
η mot = e mot T mot ω mot T mot ω mot + P loss,mot (18) where ω eng , ω mot , T eng , and T mot are the rotational velocities and output torques of the motor and engine, respectively. η mot is the energy efficiency of the motor, andṁ f is the mass consumption rate of fuel. The other parameters (e mot , P loss,mot , a, b, c,ā,b, andc) are determined numerically from performance characteristics of the selected engine and motor available in the PSAT database.
The reduced-order model is used to assess the fuel economy potential of the hybrid powertrain via dynamic programming, as described in the next section.
III. ASSESSING FUEL ECONOMY POTENTIAL USING DYNAMIC PROGRAMMING
The fuel economy potential of a powertrain with storage elements (such as an ultracapacitor) and guidelines for operating policy can be assessed using Deterministic Dynamic Programming (DDP) [17] . Computationally, DDP reduces to value function iterations of the form V (x,t) = min u {L(x, u, w(t)) +V ( f (x, u, w(t)),t + 1)}, (19) where, assuming the reduced order model, t is the time instant over the drive cycle (sampling interval of 100 msec was used), x is the state (soc), u is the control (u = s f , P mot = s f · P w and s f is referred to as the split fraction), w(t) is the vector of vehicle speed and vehicle power prescribed by the drive cycle, L is the incremental cost function, and the optimal control sequence, {u(t)}, is a minimizer in (19) . The incremental cost L was chosen as a weighted sum of the fuel flow rate and square of motor power. Constraints on state of charge, soc, (specifically, 0.5 ≤ soc(t) ≤ 0.9 and that soc at the end of the drive cycle must be between 0.7 and 0.75) were imposed by augmenting to L, appropriate penalty functions (as per approach in [17] ). The control constraints have been defined so that the expression under the square root in (5) is non-negative, thereby guaranteeing that the motor power P mot can be realized by the ultracapacitor, and that −1 ≤ s f ≤ 1 if P w ≥ 0 and 0 ≤ s f ≤ 1 if P w < 0. Further a vehicle velocity dependent constraint on minimum and maximum motor power limits has been imposed. We have applied DDP to UDDS profile on 0 degree grade and with a power demand trajectory corresponding to aggressive following of the drive cycle. The vehicle has a 160kW engine and a 110kW maximum-power electric motor. Figures 3  and 4 illustrate the trajectory of soc and the difference in the fuel flow rate between the case when P mot = 0 and when P mot is optimally controlled. The fuel consumption difference between these two cases is 15.0% and it provides an estimate for achievable performance when optimization of control as a function of time is performed against a drive cycle known in advance. Figure 3 shows that the constraints on the state of charge are satisfied. From the analysis of optimal trajectories, it has been established that the ultracapacitor is almost exclusively charged from the regenerative braking events. Only a fraction of the full benefit can be attained by an implementable rule-based control strategy, which will be discussed next.
IV. THE RULE-BASED SUPERVISORY CONTROL ALGORITHM
With the potential of the ultracapacitors established using the reduced-order model and DDP, a simpler rule-based power management strategy is designed and employed in closed-loop simulations on the more accurate full-order model. During propulsion, the rule-based algorithm utilizes the motor to assist the engine when the power demanded is higher than a threshold, and to charge the ultracapacitor when it is lower than a threshold, P re f . The state of charge of the ultracapacitor is tracked by the controller, and the maximum allowable power in or out of the motor is reduced as the ultracapacitor nears its minimum or maximum charge of soc max = 0.9 and soc min = 0.5, respectively. This keeps the motor from switching from high power immediately to no power when the ultracapacitor reaches either limit.
During braking, the motor charges the ultracapacitor, and is subject to the same state of charge restrictions as during propulsion. Friction brakes are assumed to be engaged any time the demanded power falls outside of the motor's lower power limit. The motor is also restricted from charging the ultracapacitor while the engine speed is below the idling speed. 
A graphic representation of the rule-based control algorithm is given in Figure 5 , with the terms used described in Table I and in the accompanying equations (20) and (21) .
V. RESULTS USING THE RULE-BASED POWER MANAGEMENT STRATEGY
The fuel economy was evaluated by simulating the fullorder model controlled by the rule-based strategy over various driving cycles. Shown in Figures 6, 7 , and 8 is time history of several of the performance characteristics of the powertrain over the UDDS cycle with no road grade, using the 160kW engine and a 110kW electric motor. This simulation showed a fuel economy improvement of slightly more than 11% over the conventional powertrain.
For this cycle, it appears that a smaller motor and engine would be sufficient. For the majority of the cycle, the ultracapacitor is able to meet its demands without reaching the charge limits imposed upon it. The results also indicate that the energy provided by regenerative braking is more than sufficient to sustain the motor's assistance to propulsion for these driving conditions, and that motor is only utilizing a portion of the available braking energy.
Next, to determine the effect of component sizing, the performance of different sizes of motor and ultracapacitor were simulated with the full-order model and rulebased controller. Induction motors with maximum power of 110kW, 70kW, and 40kW were combined with three sizes of ultracapacitors. Tables II and III summarize the components  used. The fuel economy of each case was compared to that of the conventional vehicle in full-order model simulations. Figures 9 and 10 summarize the fuel economy improvement for UDDS cycle tests applied over 0 and 2 percent road grades, respectively. The hybrid powertrains were able to produce the results shown while being able to follow the desired vehicle velocity profile. Velocity plots are not shown, because the velocity profiles are indistinguishable from those of the conventional case. As seen in these Figures, the smaller 40kW motor has the best fuel economy results and therefore is a better choice over the originally chosen 110kW motor, most probably due to the reduced weight and more efficient operation of the smaller motor. On a flat road (zero percent grade) the larger ultracapacitor modules result in better fuel economy than the 93V 78F ultracapacitor, but on a 2-percent grade road the advantage of larger ultracapacitor sizes seem to diminish. On the same note, the largest ultracapacitor does not always yield the best fuel economy; this may be due to the added weight and a particular combination of components. Moreover the larger sizes (> 100Wh) may not be an economically viable alternative to batteries according to [1] . Therefore the 93V 78F ultracapacitors seems to be the best trade-off among the three ultracapacitors compared.
To investigate the expected benefits of downsizing the combustion engine in the ultracapacitor assisted powertrain, we ran a number of tests with a smaller 120kW engine chosen from the PSAT database. Table IV shows the fuel economy improvement over the conventional powertrain for the 120kW and 160kW engines (both with the 40kW motor and the 93V, 78F Ultracapacitor). The vehicle with the downsized 120kW engine was able to follow the UDDS cycle on both 0 and 2 percent grades and the fuel economy was better than the conventional powertrain. On zero percent grade the 120kW engine consumed less fuel than the hybrid with 160kW engine, but on the 2 percent grade this was reversed. This may be due to several factors, 1) the smaller engine having to overwork on the 2 percent grade, 2) the limitations of the rule-based algorithm and its sensitivity to its choice of parameters 3) the gear shifting strategy which is not optimized for the mild hybrid powertrain. These observations call for a more detailed analysis of engine downsizing based on more case studies, and application of dynamic programming which is planned for future work. 
VI. CONCLUSIONS
A mild ultracapacitor hybrid powertrain concept considered in this paper shows a potential to improve the fuel economy of passenger vehicles in city driving. The potential for improvement was first assessed in simulations on a reduced-order vehicle model and with optimal power split strategy determined by deterministic dynamic programming. The improvement was further assessed using a more accurate full-order model simulations, together with a real-time-implementable rule-based power split scheme. Results also indicate that the energy provided by regenerative braking may be sufficient to sustain the motor's assistance to propulsion for city driving conditions similar to those encountered in the drive cycle.
This paper has not explored additional fuel economy improvements due to an optimized shifting strategy, nor the improvements possible by implementing a real-time optimization-based control strategy. More detailed analysis is also needed to determine if fuel consumption can be further reduced for a downsized engine or by elimination of the torque convertor. These topics are relegated to future work.
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